We investigate experimentally a cascade of temperature-compensated unequal-path interferometers that can be used to measure frequency states in a high-dimensional quantum distribution system. In particular, we demonstrate that commercially-available interferometers have sufficient environmental isolation so that they maintain an interference visibility greater than 98.5% at a wavelength of 1550 nm over extended periods with only moderate passive control of the interferometer temperature (< ±0.50
We investigate experimentally a cascade of temperature-compensated unequal-path interferometers that can be used to measure frequency states in a high-dimensional quantum distribution system. In particular, we demonstrate that commercially-available interferometers have sufficient environmental isolation so that they maintain an interference visibility greater than 98.5% at a wavelength of 1550 nm over extended periods with only moderate passive control of the interferometer temperature (< ±0.50
• C). Specifically, we characterize two interferometers that have matched delays: one with a free-spectral range of 2.5 GHz, and the other with 1.25 GHz. We find that the relative path of these interferometers drifts less than 3 nm over a period of one hour during which the temperature fluctuates by < ±0.10
• C. The error in our measurement is largely dominated by the small drift in the frequency and power of the stabilized laser used to perform the measurement. When we purposely heat the interferometers over a temperature range of • C, we find that the temperature sensitivity is different for each interferometer, likely due to slight manufacturing errors during the temperature compensation procedure. Over this range, we measure a path-length shift of 26 ± 9 nm/
• C for the 2.5 GHz interferometer. For the 1.25 GHz interferometer, the path-length shift is nonlinear and is locally equal to zero at a temperature of 37.1
• C and is 50 ± 17 nm/ • C at 22
• C. With these devices, we realize a cascade of 1.25 GHz and 2.5 GHz interferometers to measure four-dimensional classical frequency states created by modulating a stable and continuous-wave laser. We observe a visibility > 99% over an hour, which is mainly limited by our ability to precisely generate these states. Overall, our results indicate that these interferometers are well suited for realistic time-frequency quantum distribution protocols.
I. INTRODUCTION
Quantum distribution (QKD) allows two authenticated parties, Alice and Bob, to share a random key that is secured using the fundamental properties of quantum mechanics [1] . The field has progressed rapidly in the last two decades, where most practical QKD protocols encode information in two-dimensional (qubit) states of a photon, such as polarization or relative phase. Today, state-of-the-art QKD systems can generate a finite-length secure key at a rate of megabits per second [2] [3] [4] and at distances over 300 kilometers [5, 6] , albeit at lower rates.
Despite the significant progress in realistic implementations, the key generation rates in qubit-based protocols are constrained by experimental non-idealities, such as the rate at which the quantum photonic states can be prepared or the deadtime of single-photon-counting detectors. Moreover, in long-distance QKD, a large fraction of the information-carrying photons are lost in the quantum channel due to absorption or scattering. Such physical and practical limitations inspire new QKD pro- * nti3@duke.edu tocols that can outperform qubit-based protocols in both secure key rate and distance.
A class of protocols that is predicted to provide better key rates with higher tolerance against errors involves encoding information in qudit states of photons [7] [8] [9] [10] . We denote the dimension of the Hilbert space describing the quantum states by d, where d = 2 indicates a qubit and d > 2 indicates qudits. In high-dimensional schemes, information is encoded in various degrees-of-freedom of the photon, such as polarization, time-frequency [11] [12] [13] [14] [15] [16] [17] [18] , orbital angular momentum [19] , or a combination of these [20] . High-dimensional protocols have two primary advantages over qubit protocols. First, they allow multiple bits of information to be encoded on a single photon, hence increasing the channel capacity. For some highdimensional protocols, this can increase the secure key rate for high-loss channels, whereas others can improve the rate when the system is limited by detector saturation. Second, high-dimensional protocols are more robust to channel noise [7, 8, 21] and can tolerate a higher quantum bit error, thus achieving secure communication at longer distances than qubit protocols [10] .
We consider a high-dimensional time-bin encoding protocol where information is encoded in frames of time bins and the presence of an eavesdropper is monitored by transmitting mutually unbiased basis (MUB) states with respect to time. For high-dimensional time-bin states, one choice for a MUB is to use states that are the discrete Fourier transform of the temporal states within a frame, known as frequency or phase states [11] .
The primary challenge of implementing this highdimensional protocol is measuring the frequency states. One proposed method for measuring frequency states is to use a cascade of d − 1 unequal-path (time-delay) interferometers [11] . Experimentally, stabilizing the path difference in the interferometers to sub-wavelength distance scales over long periods of time is challenging due to environmental disturbances, such as temperature, pressure, and vibration, especially for large path differences. While active stabilization of the interferometers is possible, it greatly increases the system complexity.
An alternative approach is to use passively-stabilized interferometers, which have been developed over the last decade by the optical telecommunication industry for use in classical phase-and frequency-domain protocols [22, 23] . One design principle for addressing the thermal change of the path length is to adopt athermal design, where materials with different thermal expansion coefficients are used to achieve temperature compensation [24] [25] [26] . Furthermore, the sensitivity to pressure is reduced by hermetically sealing the interferometer, and the vibration sensitivity is reduced using a compact package.
Recently, other high-dimensional time-frequency QKD protocols based on continuous [12] or discrete variables [13] have been proposed using different approaches for measuring the frequency states based on dispersive optics, for example. The idea of these protocols is to create frequency states using a dispersive media such as a fiber Bragg grating that chirps a single-photon wavepacket, which is decoded by Bob using a conjugatedispersion fiber Bragg grating followed by single-photon detectors, sometimes combined with a delay interferometer. However, matching the dispersion of the Bragg gratings at the transmitter and receiver in the presence of environmental disturbances is also challenging.
The primary purpose of this paper is to characterize the stability of commercially-available, passivelystabilized, unequal-path-length interferometers and assess their feasibility for detecting high-dimensional quantum photonic frequency states. By using these athermal interferometers, it is possible to eliminate the need for an active relative phase stabilization of Alice and Bob's interferometers often accomplished by sending strong coherent states between them [27, 28] , thus eliminating possible Trojan-horse attacks by an eavesdropper [9, 29] . In addition, these interferometers may find application in coherent one-way and differential-phase-shift QKD protocols [30] [31] [32] , or in checking for coherence across many pulses as required for the round-robin protocols [33] [34] [35] . Finally, our setup can also be used to show a violation of Bell's inequality in high-dimensional systems [36, 37] .
The paper is organized as follows. In Sec. II, we give a brief description of two-and four-dimensional timefrequency QKD protocols and discuss how frequency states can be measured with a cascade of interferometers. In Sec. III we discuss the basic design and stability (Sec. IV) of these interferometers. In Sec. V, we demonstrate frequency measurement with classical coherent pulses, and we summarize our work and discuss potential future applications in Sec. 6.
II. TIME-FREQUENCY QKD PROTOCOL
We consider the two-basis time-frequency protocol proposed in Ref. [11] , which is based on an entangled single photon source, where Alice and Bob share a pair of hyperentangled photons [38] . For simplicity, the discussion below is restricted to the equivalent prepare-and-measure scenario, where Alice prepares and sends single photon states, and Bob measures the incoming states in one of two MUBs. In this protocol, time is discretized into bins of width τ and grouped into frames of d contiguous time bins. A temporal state |Ψ tn is created when the photonic wavepacket is prepared in a single time bin within a frame, which encodes log 2 d bits. For the frequency states |Ψ fn , the photonic wavepacket has an equal-height peak in every time bin within the frame and each wavepacket has a distinct relative phase. Here, the integrated probability over a frame is held constant for all of the time and frequency states. In greater detail, the temporal states can be written as |Ψ tn = a † n |0 , where a † n is the field creation operator acting on a vacuum state in the in n th temporal mode. Consequently, the frequency states can be written as [8] 
which is a natural extension of the BB84 temporal qubit states to higher dimension. In a typical experimental implementation of a discretevariable time-frequency QKD system, an attenuated laser is used to generate the photonic wavepackets with a mean photon number of the order of 1, and a generalized decoy state protocol is used to put tight bounds on the fraction of wavepackets that have more than one photon [4, 39] . The temporal states can be generated by on/off encoding of a continuous-wave laser with a high-contrast intensity modulator. They can be measured directly with a singlephoton detector with a jitter much less than τ and the event recorded with a high-resolution time tagger. The frequency states can be generated using a combination of phase and intensity modulators or with a cascade of delay interferometers considered here.
One scheme for measuring the frequency states is shown in Fig. 2a for the case d = 2, where we assume that the wavepacket peaks have a width much less than τ . Here, the relative phase difference is 0 for |Ψ f0 or π for |Ψ f1 . As will become apparent below, an empty 'guard' prevents overlap of wavepacket peaks from neighboring frames when operating the QKD system at a high rate. A detailed analysis (not presented here) shows that this overlap does not affect the quantum bit error rate substantially and hence the guard bins are not necessarily needed. For clarity, we include the use of the guard bins in the discussion below.
In a time-delay interferometer, an incoming beam is split equally by a 50-50 beamsplitter and directed along two different paths and recombined at a second 50-50 beamsplitter where the wavepackets interfere. The difference in path between the two arms of the interferometer is denoted by ∆L = ∆L 0 + δL, where ∆L 0 is the nominal path difference. Here, δL ∆L 0 is a small path difference that allows us to make a fine adjustment to the transmission resonances of the interferometer and is proportional to the phase φ = kδL, where k is the magnitude of the wavevector of the wavepacket.
For d = 2, only a single time-delay interferometer is required with ∆L = cτ , corresponding to a free-spectral range (FSR) c/∆L, where c is the speed of light and φ is set to zero. When the state |Ψ f0 is incident on the interferometer, the wavepacket traveling along the long path is delayed by τ with respect to the wavepacket traveling along the short arm. After the second beamsplitter, the wavepacket originally occupying two time bins now occupy three (and hence explains the need for a 'guard' bin), where only the wavepacket peak at the center of each frame interferes constructively (destructively) for the + (−) port. The earliest and the latest wavepacket peaks of the state do not interfere at the second beamsplitter and hence do not directly give information about the frequency state. The situation is reversed when the state |Ψ f1 is incident on the interferometer (not shown).
For d = 4, one possible approach for measuring the frequency states uses a cascade of three time-delay interferometers as shown in the lower panel to Fig. 2a . The first interferometer has a path difference of 2cτ , while the two interferometers connected to the output ports of the first interferometer have a path difference of cτ . The phase of the interferometer connected to the + (−) port of the first interferometer is set to φ = 0 (π/2) whose outputs allow us to measure the frequency states |Ψ f0 and |Ψ f2 (|Ψ f1 and |Ψ f3 ).
The frequency states for d = 4 have four contiguous time bins occupied by wavepacket peaks of different relative phases and require three guard bins. When the state |Ψ f0 is incident on the first interferometer, as illustrated in Fig. 2b , the wavepackets are shifted temporally by 2τ when they arrive at the second beamsplitter and there is constructive (destructive) interference for the wavepackets in the two middle time bins at the + (−) port of the interferometer. The two outer wavepackets do not experience interference. These two sequences of wavepackets are directed to the second set of interferometers of the next layer in the cascade. For simplicity, we only describe the interferences that take place in the interferometer with φ = 0, indicated by the dashed box shown in the lower panel of Fig. 2a .
At the + (−) output port of the second interferometer (lower panel of Fig. 2b ), all 7 time bins are occupied with the highest (lowest) probability for photon occupation for the time bin in the middle of the frame, which is due to constructive (destructive) interference of all four wavepacket peaks of the incident state. The other occupied time bins give information about interference of a subset of the incident wavepacket peaks except for the outermost time bins where no interference occurs. Thus, it is advantageous to measure all of the central 5 time bins because they each measure different aspects of the coherence of the incident wavepacket peaks. Because of the possibility of measuring the coherence among different sets of wavepacket peaks, the cascade of interferometers might also find use in the recently developed round-robin QKD protocol [35] .
A similar analysis shows that the central time bin of each of the four outputs from the interferometer cascade are directly related to each of the frequency states. That is, constructive interference occurs in output port n when the state |Ψ fn is incident on the cascade and destructive interference is observed in the other three ports. The procedure for arbitrary d is given in Ref. [11] for which 2d − 1 guard bins are required.
In a time-frequency QKD protocol, the contrast (visibility) of the interference provides an estimate of the error introduced by an adversary (Eve) in the quantum channel. The visibility for a frequency state |Ψ fn is defined as
where P + is the probability of detecting the photon in the expected bright port n in the central time bin and P − is the probability of finding the photon in any of the other ports in the same central time bin. The interference visibility is limited in a real device by the accuracy of the beamsplitting ratio, differential loss in the paths, and larger beam diffraction in one path in comparison to the other. Eve's interaction with the quantum states result in a loss of temporal coherence of the frequency states and thus results in a reduction of V. A security analysis determines the maximum error rate that can be tolerated and hence the minimum value of V.
III. TIME-DELAY INTERFEROMETERS
The delay line interferometers used in the experiment are manufactured by Kylia and are of the Mach-Zehnder type, but use a folded design reminiscent of a Michelson interferometer with displaced input and output beams [24, 25] to make the design more compact and simpler (Fig. 3) . Here, the incoming beam of light is split into two unequal paths using a 50-50 beamsplitter, displaced by the dihedral reflectors, recombined at the same beamsplitter, and are directed to two output ports. The overall phase φ of the interferometer is adjusted by changing the optical path of one arm of the interferometer relative to the other using a resistive heater placed near one of the reflectors. The path change is proportional to the power delivered to the resistor; applying ≤3 V results in a path length change of approximately one FSR. Our devices are designed to operate over the classical optical telecommunication C-band and we evaluate their performance at 1550 nm near the middle of the band.
The stability of these interferometers against environmental changes depends on the thermal compensation method. While the Kylia design is proprietary, typical temperature-compensated delay-line interferometers use materials with a low coefficient of thermal expansion and an optimized selection of glasses and air paths for thermal and chromatic compensation [24] [25] [26] . The Kylia devices are realized using ultra-low-expansion optical glass components and base plate and packaged inside a hermetically sealed aluminum housing, which stabilizes them against environmental temperature and pressure, respectively.
IV. INTERFEROMETER PERFORMANCE
The change in path of the interferometer δL as a function of temperature T is typically specified by a temperature-dependent path-length shift (TDPS), but the time scale over which this characteristic is measured is usually not specified and the use of only a single metric assumes that it is independent of T . As we show here, such a simple metric is not sufficient to adequately describe the relation between δL and the change in temperature ∆T . This is due to the fact that the outer package is made from aluminum, the internal interferometer is FIG. 3 . Illustration of the internal components of a typical delay-line interferometer [40] .
constructed from potentially different types of glass, and the input and output fibers must pass through the outer aluminum package. These materials have vastly different thermal conductivities and heat capacities, and the detailed design of the thermal link between them is proprietary. As described below, we observe two different time scales for the TDPS and that it can be a nonlinear function of T , indicating that the standard commercial specification is insufficient.
We investigate the performance of two Kylia delay line interferometers, one with an FSR of 1.25 GHz (∆L 0 = 24 cm, τ =800 ps) and the other with 2.5 GHz ( ∆L 0 = 12 cm, τ =400 ps). The performance of these devices is characterized by observing the variation in the power of light emerging from one of the output ports when a continuous wave, single-frequency laser beam is injected into the interferometer, as shown in Fig. 4a , for three situations: 1) long-term (∼ an hour) stability in a controlled laboratory environment (temperature control of ±0.1
• C); 2) long-term (∼ an hour) visibility in the same laboratory environment; and 3) the TDPS as we vary T between 20 and 50
• C. Based on the specification of the interferometers (TDPS < 50% of the FSR over a 0 -70
• C temperature range), we expect the shift in resonance frequency of the interferometers to be less than 10 MHz for T < 0.5
• C, which is typical in a laboratory environment. In order to measure such a small variation, we use a frequency-stabilized laser (Wavelength Reference Clarity-NLL-1550-HP locked to an HCN line and operating in the 'Line Narrowing' mode) with an absolute accuracy of ≤ ± 0.3 pm and a specified long-term root-mean-square (RMS) frequency stability better than 1 MHz.
For all measurements, the interferometers are placed in a thermally insulated box and allowed to equilibrate for ∼2 hours with a mean initial temperature of 21.3 ± 0.3
• C. For the stability and TDPS measurements at a nominally constant T , the phase of the interferometer is set at the beginning of the equilibration process to the steepest slope of the interference fringe (φ = π/2), as shown in Fig. 4b . If φ = π/2 at the end of the equilibration process, a small change is made to bring it back to this point. For the visibility measurement, φ was set to zero to place it at an interference maximum. For the TDPS measurements over a wider range, T is set to between 20 and 50
• C using heating tapes wrapped around the device, which are connected to a variable voltage supply.
A. Stability at nominally constant temperature
The optical power emerging from the ± ports of an ideal (high-visibility) time-delay interferometer is given by
where P 0 is the power at the input of the interferometer and the parameter α ∈ {0, 1} represents the reduced transmission due to insertion loss of the interferometer. We find that the predominant contribution to the variation in P out,± arises from imperfect thermal compensation and hermetic sealing of the device, giving rise to a change in δL. The power at the output is given by
where we insert the phase φ ≡ k∆L 0 = π/2 between Eq. 4 and Eq. 5. Equation 5 relates the output power of the interferometer initially set at φ = π/2 to δL assuming a stable laser frequency and we use it to estimate the drift of the interferometer. The emitted power can also change due to other physical effects, which will cause us to incorrectly associate a change δL with a change in P out,± . We use various methods to account for this systematic error in our measurement. To account for variation in the incident laser power P 0 (typically below 0.01%), we place a 50-50 fiber beamsplitter just before the interferometer with one output defining the reference laser power P r (t), while the other output is directed to the interferometer. The ratio between the peak power emitted by one output of the interferometer and the reference power is given by α.
For the stability measurements, we find that both the 1.25 GHz and 2.5 GHz interferometers display an apparent drift of less than 3 nm over an hour if the temperature of the environment is stabilized to ±0.1
• C as it is in the cardboard enclosure. Figure 5 (a) shows one such measurement of δL (extracted from the data using Eq. 5) for the 2.5 GHz interferometer, with the corresponding change in temperature in Fig. 5(b) . We observe that δL is not fully correlated with ∆T (0.8 correlation coefficient). The lack of stronger correlation can be attributed to two additional factors that affect the apparent drift of the interferometer. First, there is a contribution to the drift of the interferometer due to laser frequency fluctuation. We expect the drift of the frequency-stabilized laser to be better than 1 MHz over an hour, which corresponds to an apparent path-length change of 0.62 nm for the 2.5 GHz interferometer as indicated by the error bar in Fig. 5(a) and Fig. 5(c) . To estimate the contribution of laser drift to this data set, we fit it to a linear function as indicated by the red line. We attribute the finite slope of the line as arising from the change in path of the interferometer, which is 1.2 ± 0.1 nm. This is likely an upper bound to the actual path-length change given that it is within the range of the specified laser-frequency drift.
From this data, we also determine the root-meansquared error (RMSE) between the data and the fit. The measured RMSE of 0.32 nm corresponds to a possible laser frequency variation of 0.51 MHz, well within the specified deviation of < 1 MHz and thus we attribute these smaller-scale fluctuations in the data to the laserfrequency drift. Clearly, it is evident that the laser frequency variation is a significant contribution to the apparent path-length change of the interferometer.
A second factor that can give rise to an imperfect correlation between δL and ∆T is the fact that we measure T of the aluminum outer package, which may not reflect the actual temperature of the substrate and optics housed inside the aluminum package (see discussion below). The effect of such a lag on this data is difficult to determine from measurements over a such a small temperature change. To address this issue, we conduct a set of measurements for a larger temperature range as discussed in Sec. IV C below. Figure 6 shows similar plots for the 1.25 GHz interferometer. For this particular run, the temperature change of the device (∼ 0.01
• C) is much less than when we collected data for the other interferometer. In Fig. 6(a) , we observe that the interferometer apparently drifts substantially in the first ∼ 20 minutes of the run, and then stabilizes to within ∼ 1.2 nm thereafter. Again, there is little correlation between δL and ∆T (-0.03 correlation coefficient). Following a similar procedure described above, we find that a straight line fit to the data shown in Fig. 6 (c) has a slope of zero, implying no path length change over this temperature range. Furthermore, the RMSE between the linear fit and the data corresponds to a path difference of 0.34 nm and can be attributed to a 0.27 MHz drift in the laser frequency, well within the specification of the laser. We note that the 1 MHz specification of the laser-frequency now translates to a 1.24 nm change in path-length as indicated by the error bar in Fig. 6(b) and Fig. 6(b) .
We performed a similar analysis on several independent data sets collected for both the interferometers and observed similar stability. Specifically, we observe that δL < 3 nm over an hour if the interferometers are stabilized to < 0.1
• C. This measurement is an upper bound to the true path-length change because the variation of the frequency of the stabilized laser gives rise to a comparable apparent shift. 
B. Visibility
As discussed in the text related to Eq. 2 above, the interferometer visibility V is a critical QKD system parameter used to determine an upper bound on the effects due to an eavesdropper. Thus, to extract the largest possible key, it is important to characterize the baseline change in V due to environmental conditions, which will set a lower limit on the error due to Eve that can be detected. To this end, we inject a continuous-wave, frequency-stabilized laser beam into the interferometer (see Fig. 4a ), set φ = 0, and monitor the power coming out of the output ports, denoted by P max at the + output port and P min at the -output port. We then determine V using Eq. 2, where the probabilities P + and P − are replaced with powers P max and P min . We do not monitor the laser power in these measurements because the typical variations in laser power (<0.01%) has less than a 0.004% effect on V. Figure 7 shows the temporal behavior of V and ∆T for both interferometers measured independently at two different times, each over the course of an hour. We note that the temperature changes are slightly larger (< ± 0.5 • C) than for the stability measurement discussed in the previous section. For both interferometers, we find that the visibilities stay well over 98.5 % during the entire hour. The error bars indicate the expected change in V for a typical drift in the laser frequency of 1 MHz. This error was determined by propagating uncertainties and the covariance of the dependent variables P max and P min .
One potentially useful application of the delay interferometers is to perform frequency-state measurements for a wavelength-division multiplexed time-frequency QKD system. To assess the Kylia devices for this application, we use a widely tunable laser (Agilent HP81862A) to measure V for both interferometers between 1525 nm to 1565 nm (approximately over the entire C-band) in ∼5 nm steps. We find that V > 99 % across this range. This is consistent with Kylia's specification of > 98.4% over the wavelength range of 1520-1570 nm. Thus, in a wavelength multiplexed system, a single set of interferometers can be used for the frequency measurement for each wavelength channel and a wavelength demultiplexer can be placed after the interferometers to send each channel to their respective detectors. Therefore, a high data throughput time-frequency QKD system can be realized without using a separate delay-interferometer cascade for each spectral channel.
C. Wide-Range Temperature-Dependent
Path-Length Shift
To obtain a better estimate of the TDPS that is not as sensitive to the laser frequency fluctuations, we measure δL over a wider temperature range, where the pathlength shift is expected to be larger. The setup is identical to that described in Sec. IV above except that we purposefully vary the device temperature in large steps. We collect data at each temperature step for at least 6 hours. After this interval, we heat the device again to a new temperature, repeating this procedure until the total temperature change is ∼30
• C from an initial temperature of ∼22
• C. Figure 8 shows the variation in δL with T for the 2.5 GHz interferometer over four heating intervals (intervals indicated by vertical dashed lines). At the beginning of each interval, we observe that the temperature of the aluminum housing increases and then levels off. We find that the data is well described by a single exponential function with a rate constant of 1.28±0.01 hr −1 averaged over the four time intervals (Fig. 8(b) ). The data and the fit are overlaid in the figure and are indistinguishable (reduced χ 2 = 1.34). From Fig. 8(a) , we see that there is a correspondingly rapid increase in δL, followed by a slower continued rise. We find that the data is fit well by a double exponential with two different rate constants; the fit function is again overlaid with the measurements and are nearly indistinguishable (reduced χ 2 = 1.42). The two average rate constants are 1.4±0.2 hr −1 and 0.13±0.02 hr −1 . The larger rate constant is similar to that for the rise in T , and we attribute this change in path due to coupling between the aluminum housing and the interferometer, likely due to mechanical coupling between the two. The lower heat conductivity of the interferometer glass likely contributes to making the other rate constant so long.
To estimate the total change in δL for each interval even though we do not collect data long enough to reach equilibrium, we use our double-exponential fit to find the long-time limit for the path change, which we denote by δL ∞ , and the single-exponential fit to find T ∞ . We note that this is only an estimate because it assumes a change in δL that is linear with temperature after a sufficiently long settling time. Figure 8(c) shows δL ∞ as a function of T ∞ , which we fit with a straight line. From this fit, we find that the TDPS is 26 ± 9 nm/
• C. The TDPS specified by Kylia is 11 nm/
• C, which is clearly smaller than what we estimate for our device. This could be due to imperfect temperature compensation for this device. We observe similar behavior for the 1.25 GHz interferometer as shown in Fig. 9 . Importantly, we observe that the contribution to δL from the glass can counteract that due to the aluminum housing for the last three intervals. Using the same fitting procedure as used above, we find that the average rate constant for the temperature change is 1.297± 0.003 hr −1 and the two rate constants for the path change are 1.57± 0.08 hr −1 and 0.33± 0.06 hr −1 . Again, there is a strong correlation between the temperature rate constant and the fast rate constant for the path change, indicating that the aluminum housing is playing an important role in our observations. Using our fit to extrapolate to long times for each interval, we find that the path change is a nonlinear function of T (well fit by a quadratic in this case) and hence a single value for the TDPS does not adequately characterize this device. Just considering the data point for the first interval, the inferred TDPS is 50 ± 17 nm/
• C, which again exceeds the specification of 22 nm/
• C. However, the TDPS is zero at 37.1
• C based on our fit to a quadratic. 
V. APPLICATION IN FOUR-DIMENSIONAL TIME-FREQUENCY QKD
To demonstrate the applicability of these interferometers in high-dimensional (d = 4) time-frequency QKD, we use them to measure the classical analog of the frequency state |Ψ f0 with the setup shown in Fig. 10(a) i. e., the equivalent state generated with strong coherent light and detected using an InGaAs pin photodiode. These observations are directly applicable to a QKD system in that the quantum signal states can be generated by strongly attenuating our classical source and photon counting detectors replacing the photodiode. Thus, the observed interference pattern with weak and strong coherent states should be identical and our results in the classical regime should be directly applicable in the single-photon regime.
Pulses are created from a continuous-wave laser beam using a Mach-Zehnder modulator in the form of frames with four distinct peaks of width 100 ps. The optical modulator is driven by an arbitrary serial pattern generator produced by a 10 GHz transceiver from a fieldprogrammable gate array, amplified with a driver amplifier. The time-bin width is set to 400 ps as shown in Fig. 10(a) , matched to the time-delay τ of the second in-terferometer (2.5 GHz FSR) in the cascade (note that the other interferometer with path difference τ is not shown for clarity). Over the short duration of a frame, the phase of the laser is constant, and hence all the pulses within a frame have the same relative phase. The outputs of the interferometers are measured using two high-speed photoreceivers and an oscilloscope with a bandwidth of 8 GHz. We note that the bandwidth of the oscilloscope is smaller than what is required to measure 10 GHz short pulses and hence introduces a systematic uncertainty in the measurement. Specifically, the calculation of the visibility is affected by our measurement apparatus because the observed interference peaks are broadened. The observed constructive (destructive) interference pattern is shown in Fig. 10(b) (Fig. 10(c) ) similar to the expected intensity pattern as shown in Fig. 2 . The visibility of the interference pattern is calculated using Eq. 2, where P + is the area under the constructive interference peak, and P − is the area under destructive interference peak. The central peak with the largest amplitude in '+' output is the constructive interference peak, while the corresponding time-bin in the '−' output is the destructive interference peak. Based on this, we find that V > 99% over an hour (Fig. 10(d, e, f, g )) in the nominally constant laboratory environment where the temperature changes no more than ±0.1
• C, similar to what we observe in Sec. IV above using a continuouswave laser.
VI. CONCLUSION
In conclusion, we demonstrate high environmental stability for commercially-available temperaturecompensated time-delay interferometers for application in discrete-variable time-frequency QKD. In particular, we observe that both the 2.5 GHz and 1.25 GHz interferometers have a path-length stability of better than 3 nm when the temperature is maintained within ±0.1
• C in a laboratory environment. In addition, when heated in a controlled manner, we observe a temperature dependent path-length shift (TDPS) of 26 ± 9 nm/
• C for the 2.5 GHz device. For the 1.25 GHz interferometer, we observe a nonlinear change in path-length as a function of temperature, which is locally at zero at 37.1
• C, and 50± 17 nm/
• C at 22
• C. We argue that for such nonlinear devices, the TDPS metric is not sufficient. Rather, we have to assess both the stability at a constant temperature over a long time scale, as well as over a wide range of temperature. We also investigate the possibility of using these passive interferometers as components in time-bin encoding QKD. We observe a maximum change of visibility of less than 1.0 % over an hour, which shows that if the temperature of these devices is maintained actively within ±0.1
• C, then they can indeed be used for long distance high-dimensional time-bin encoding QKD. We also demonstrate a proof-of-principle experiment with classical coherent pulses that show predictable interference pattern with high visibility. We conclude that these devices are suitable for realizing a high-dimension discretevariable time-frequency QKD system.
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